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A Additional Experiments

A.1 Additional Results

Additional experiments on multilingual settings We conducted multilingual experiments by fine-
tuning both the Spanish and the original English Alpaca-GPT4 models, and evaluated them on the ARC
challenge. Due to time and space constraints, we only compare ParaBlock with FedBCD here to demonstrate
that ParaBlock can still achieve performance comparable to FedBCD.

GPU memory consumption We first present the peak GPU memory consumption for all baselines in
Tablewhen fine-tuning on the Alpaca-GPT4 dataset (Peng et al.,[2023). The results indicate that ParaBlock
and FedBCD incur the lowest GPU memory costs among the fine-tuning methods. FedCyBGD exhibits a
relatively higher memory cost compared to FedBCD and ParaBlock due to differences in block assignment.
Furthermore, the proposed ParaBlock consistently consumes less memory than LoRA-based methods.

Table 8: GPU peak consumption when fine-tuning the Alpaca-GPT4 dataset.
Methods | Llama 3-8B  Llama 3.2-3B

FedLoRA 27.0G 14.3G
FFA-LoRA 26.8G 14.2G
FLoRA 27.0G 14.3G
FedCyBGD 29.6G 13.9G
FedBCD 23.3G 10.0G
ParaBlock 23.3G 10.0G

Orthogonal to existing communication efficient FL methods Previous studies in FL have explored
various communication-efficient techniques, such as model/update compression, quantization, and prun-
ing (Reisizadeh et al.| [2020; [Haddadpour et al.| [2019; Wang et al.| [2022; |Jiang et al., 2022). These approaches
primarily aim to reduce the number of communication bits, thereby improving the communication efficiency
in FL systems. In contrast, our proposed ParaBlock targets the latency inherent in the communication
process, making ParaBlock orthogonal to existing communication-reduction methods. In Table E, 1)we
compare ParaBlock with existing communication-reduction method applied to FedBCD, and 2) we show
that for those computation time cannot overlap the communication time, we can further apply existing
communication-reduction methods to improve the communication efficiency.

The top part of Table[9] it shows that ParaBlock achieves superior performance compared to directly applying
top-k compression (as utilized in (Wang et al., [2022; |Li et al., |2024)) with top 20% ratio to the standard
FedBCD baseline, while also requiring less runtime. This is because top-k compression, despite reducing
communication bits, still necessitates transmitting compressed model at each global round. In contrast,
ParaBlock directly reduces the communication latency, resulting in better overall performance than applying
compression to the vanilla FedBCD baseline. Moreover, ParaBlock is compatible with existing communication
reduction techniques, as shown in the bottom lines in Table [0. By further integrating top-k compression,
ParaBlock can effectively reduce the extra communication time with still achieving reasonable performance
in both tasks.

Hyper-parameter details We conduct learning rate searches to find the best learning rate for each baseline.
We grid the learning rate 7; from {3e-7, 1e-6, 3e-6, le-5, 3e-5 }, and the global learning n = 1 for
all experiments. The extra hyper-parameters for AdamW optimizer is following the default parameter in
Trainer, i.e., 31 = 0.9, 83 = 0.999, ¢ = 10~6. Table |10| summarize the learning rates in our experiments.
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Table 9: Comparison with Top-k compression methods, where MT-B is the abbreviation for MT-Bench.
Method ‘MT—BT Runtime(m) | GSM8K? Runtime(m) |

100M/s, ebs=4

FedBCD 5.14 30.2 54.74 24.9
+Top-20%| 5.00 26.4 54.12 21.1
ParaBlock 5.14 21.1 55.88 15.8
+Top-20%| 5.11 21.0 55.27 15.6
50M/s, ebs=2
FedBCD 5.03 30.0 54.66 26.8
+Top-20%| 4.99 22.5 53.90 19.2
ParaBlock 4.99 19.4 53.53 19.4
+Top-20%| 4.98 11.6 54.14 11.6

Table 10: Learning rates in our experiments

Alpaca-GPT4 Math Instruct
Llama 3-8B Llama 3.2-3B  Llama 3-8B Llama 3.2-3B
FFT 3e-7 le-7 le-7 le-6
FedIT 3e-6 3e-7 3e-6 3e-5
FFA-LoRA 3e-6 3e-7 3e-6 3e-5
FLoRA 3e-6 3e-7 3e-6 3e-5
FedCyBGD le-5 le-6 3e-6 3e-5
FedBCD le-5 le-6 3e-6 3e-5
ParaBlock le-5 le-6 3e-6 3e-5

B Theoretical Analysis

B.1 Additional Discussions about Assumptions

Discussion about Assumption [5.1 The block-wise smoothness property could be naturally implied
by the general smoothness of objective function. Given to the non-negativity of the norm operation, there
is [Vof(01) — Vuf(02)] < |[Vf(61) — Vf(02)|] = L||6; — 62]]. We adopt the general smoothness for
convenience and notational clarity. Alternatively, if we assume block-wise smoothness: for each block b, there
is |V f(01) — Vuf(62)| < Ly|01 — 0]|, and with L = max;, Ly, the convergence analysis can be modified
accordingly. The convergence rate will maintain O(1/v/T) but depend on L instead of L.

Discussion about Assumption The block-wise heterogeneity naturally follows from the original
bounded heterogeneity in Assumption as well. Using the property of partial derivatives, V,f(0;) =
[Vf(6:)], and following the argument in Lemma C.3, we have

B N
5 YT O) ~ V@I = 5 S IV/0) - VO < o2 7)

i=1 b=1

Therefore, for simplicity, we adopts a general bounded variance assumption on the full gradient. Moreover, if
we instead assume bounded variances for each block, the convergence rate of O(1/+/T) remains valid. We
will discuss this in the revision.
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B.2 Convergence Analysis

For the global model of two consecutive steps, there is

(Or41]6, — [0t]p, = nA. (8)

For A; =[0,---,0,A,,0,---,0], where [A;],, = A;. Given the fact that [V £(0;)], = Vi f(0;), for each time
step ¢,

E[f(0t11) — f(64)]
= E[f(9t+1)] - f(at)

< E[(V(80),0us — 00)] + TE[|0011 — 0,17

— E[(V5, (6. A + SE{lna|?)

= (V5 (0, AN+ TEE A7), )
Il T

where the first inequality follows Assumption and the second equation holds by [V f(0;)]y = Vi f(6;) and
Eq. . For the first term I, there is

I = nE[(Vs, f(6:), Ay)]
= nE[(Vy, f(0:), Ay + mE Vs, f(0:) — mE Vs, f(6:))]

= —iKE[[|Vy, £(0:)|°] + nE[(Vy, £(0:), A¢ + mK Vb, f(6:))). (10)

Then

77EKvbtf(9t)v At + anVbtf(at)”

<Vbtf(9t)7 % i_v: Af+ % X_: vbtf(gt)>]
SECES e i Vi.f6))]

N
(V0500 ~% 3 Y Vo s(0)+ Y Vision)|

= nE_
= nE-
= 'r]E_
=i { ViR - V160, - S v+ YK ivbtf¢<et>>]
| - =
:
|

} (11)

N
= BRI 0]+ gt | 3 X 90 — V00

N K-1

Z Z vbt fZ(QZk)

i=1 k=0

Ul
— E
AN2K {
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where the third equation holds by the unbiased-ness of stochastic gradient, and the last one holds by the fact
of (a,b) = 1[||la]|® + ||b]|* + |l@ — b||?]. For the second term in Eq. (TI]), there is

N K-1 2
nm
2N2KE[ ;;O{vm k) = Vo fi(60)] }
m N K-1
1
< on 2o > ElIVe filBi) = Vo, £i(8)])]
=1 k=0
N K-1
77771L2 i
< > E[I67, — 6u%). (12)
2N <
i=1 k=0
Therefore, for the whole I; term, we have
2 77771K 77771L 2
Iy < = KE[||Va, £(0,)]1°] + —5—E[[| Vs, £(6:)]%] Z Z E[[|6 . — 6:%]
1=1 k=0
m N K-1 2
! i
_2N2K |: szbtfl( t,k}) :|
i=1 k=0
7777K 7777L N K-1 m N K-1 2
A 1l l 7
— BT £O)I) + T Y 3 B~ 07 - 5| | X Vasioi| | a3
i=1 k=0 =1 k=0

where the equation holds by Lemma

Note that the model Hl ' is the k-th local step model for update block b; at time step ¢, thus the previous
b;—1 block has been updated yet, i.e.,

0;,C = LocalBlockTraining(Gi,07 . k),
ei,o = 02 = 0271 + 775;‘71 +nAg— 77&%72
=01+ 77Ai—17
0, =61 +nA;_y, (14)

then
(167 — 6:]°] = E[|6; x — 6 + 6} — 6:]%]

< QE[”Bi,k - 0%,0||2] + QE[HO;O — 647, (15)
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where the first term consists of k steps of local updates, while the second term includes the updates difference
when updating the b;_1 block. For £ =0,..., K — 1, we obtain

E[]|6; 1 — 0i0lI°] = E[[[16;. — 6; ols.|I"]
= E[H[ é,k—l - 9;0 - 77192,1@]&,: ||2]

< E[||(6} 1_1]e. — (67 0lo, — m([g} )b, — Vo, [i(0 k1) + Vi, fi(6} 1 _1)

- Vbtfi(ai,()) =+ vbt, fi(gz,O)
—Vbtf(i)+Vbt L))

< <1+ ) [H tk 1 20 bt|| ]+]E[||nl([gz,k}bt _vbth tk 1 H ]
+ GRE[ (Vi (0 1) — Vo, i(01)) [P + GKE (Vi i(0h) — V1,161 )
+ GKE[n 9 £8P
1
< (14 g + ORUPL L84l ~ 61l ) + 0

+ 6KE[|lm(V, fi(6} 0) — Ve, f( i,o))||2]+6KE[||metf( o))

1 @
= (1+ sqe 1 T OKmL? ) (167 5—1 = 010l"] + e

+ GKE[||lm(Vy, £1(6}0) — Vi, £(8;.0))|I°] + 6KE[ln Ve, £(87 )1,

(16)
then by taking average over all clients i € [N],
1 Y , N ,
N L EOh~Oiol = 5 D (1 gy + 0K LI — O
i=1 i=1
6Kn? N -
+6Knio; + TIZE[IIVbtf(Oi,o)IIZ]- (17)
i=1
Since n; < ﬁ, unrolling the recursion, then we have
1 & 4 ,
¥ 2 EllOL — 0ol
k—1 1 p
2 2 2 2 l
Sp:O <1+I(1> |:'l710' +6K77l0'g+ Z]E |Vbt || ]:|
1 K 771
<(K-1) I+ =) -1 nio? + 6Knjo, + Z]E”Vbt o)lI%]
30K 2 :
< 5Knfo® + 30K 0% + = 3 E[| Vs, £(6] o)) (18)
i=1
for the last item, we have
N
A i 2
*ZE (V5. £(63 0)11%] = Z [V, £(670) — Vi, f(6e) + Vo, f(6:)7]
i=1
N N
< NZ [(IV5, f(8i0) = Vb, f(8:)II°] Z (V5. £ (8e)]I°]
arz N
< 5% LBl - 0]+ 2511100 (19)
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where there is

E[]6;0 — 0:/*) = E[0:-1 +nA;_y = (61 +nA¢1)|]
=n’E[| Al — Ara|’]
< 2°E[| Af [P + 20°E[[| A1 %)

= 20°E[| Aj_1 ] + 20°E[|| A¢-1]]- (20)
Merging items together, then we obtain
1 XN ' N _ N _
~ SCEl6; . - 0uP) Z 167~ 01l + - S =16k — 01l
i=1 i=1 i=1

N
< 10Knio? + 60K277[20§

N
7 2 7
E[|[Vs, f(0;0)II°] + NZEHI(%,O — 6,|°]
= i=1
< 10Knjo® + 60K njo + 120Ky E[||Vbt (0]
120 K202 L% &
20K 0 " 5~

~ [116i, — 6.1 ZEH@ —6,]%
=1
N
< 10Kn}o’® + 60K nfo2 + 120K 7 E[|| Vs, £(8,)]|] Z 1167 0 — 6:]1°]
— o
< 10Kn?0? + 60K nfo? + 120K n7E[||Vy, £(8:)[12] + 8n°E[| A1 [ WZ A 4. (21)

Therefore, reorganizing the I; term, we obtain

N K-1 N

K-1
an nmL i "
1< PRS00+ T 3 3 Elloh 0] - = || 0 X Vi 2]
=1 k=0 1=1 k=0
K
<1 E[llvbtfwt)2]+nmL2K[5Km > + 30K} o) + GOK 0P B[V, £(8,) )

nm
Farslacl+ S war ] - |
i=1

1
> Vi fi(6; )

0

>

i=1

K—
k=

o]
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Summing up Eq. @,

T-1
BI(Vs, £(0r). )]+ - S ElIA?

t=0

t=0
E[|| Vs, £(6)] ]+17mL2K{5TKon-2+3OTK2771202
t=0
T—1 T-1 4772T 1N
+ 60K S B FO)IP] + 407 3 ElIA ]+ G 3 S ElIALI
t=0 t=0 t=0 i=1
m T—1 N K-1 77 T
1
e e[| X v ] + B S s
t=0 =1 k=0 t=0
K —
<=0 D ElIVa 00" + 60K P L* Y E[||V, £(60)]°)
t=0 t=0
2L T
+ LK (5T Knjo® + 30T K*nio?) + <4n3mL2K + "2> S E[A?
t=0
1 N T—1 N K-1 2
L APmlPK mL2K i i i
t=0 i=1 t=0 i=1 k=0
By Lemma the inequality becomes
nnKT—l T-—1
l
E[f(67)] — f(80) < — > E[ Ve, £(8:)]1] + 60K i L2 > " E[| Vs, £(6,)]|]
t=0

t=0

ZE 1A

+ i L*K (5T Knjo? + 30T K nio)) + (477 mI2K + ! )
t=0

T-1 T-1
nmK
+ 4’ LK Y B AP + = D B[V f(8)]7]
t=0 t=0
+ 4P LK (2T Knfo® + 20T Ky L0 + 1207 Ky L?0?)
T-1 N K-1
[ SN i i6) ] (24)

=1 k=0

_
2N?2K -
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e . . 1 1
By condition on learning rates, i.e., ny < 5557 and 7 < KD

T—1
K
T SB[V, £(0)|2] + nm LK (5TKn?o® + 30T K *no?)

772L T-—1
+ <8n3mL2K + 2) Z E[||A,]%]

t=0
+ 4n3mL2K(2TKn? >+ 207Ky L0 + 120T Ky} L?0?)

E[f(0r)] — (o) < —

m N K-1
l
N2K |: Z Z vbtf1 tk :|
i=1 k=0
_an — 2 2 2 2 2,2 2
< ZE[IIVb,,f(Gt)II |+ g L* K (STK 1 o® + 30T K *1jj o)
t=0
2 n’L TK77l2 2
(87] mL°K + 2 > N °
+ 4P LPK (2T Knfo® + 20T Ky L0 + 120T Ky L?0?). (25)
Then,
T-1 8
E[[| Vs, f(8:)[°] < e [/(80) —E[f(6r)]] + 40T Kni L?0* + 240TK i L*a;
l
t=0
L\ T
20 12K NLA LM o
+ <877 M + 5 | o
+320°L* (2T Knjo® + 20T K/ L?0® + 120T K>y} L?0?). (26)
Dividing by T, there is
1 8
- E 0 2 < 0,) —E 2r2 2 2 2 2
o ; V0. £(8)11°) < 7 [£(80) — ELf ()] + 40K L20” + 240Ky Lo
+ 8772771L2K—|—@ M 52
2 JN
+320°L? (2K ni o + 20K %y L?0® + 120K°n/ L?07). (27)

B.3 Extension to Local Adaptive Optimizer
The theoretical analysis of the proposed ParaBlock is not limited to the local SGD setting. Essentially, the

main differences between the convergence analysis under SGD and adaptive optimizers can be summarized as
follows:

o The local updates A! are aggregated to A; on the server. Hence, the most crucial part of modifying
to AdamW is to deal with these A terms.
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o For A} in Adam, there is A} = 0] , — 0] = ZkK:l(szk — Bz,k—l)' Thus there is

LA | N K
At:NZA;:ﬁZ[etK 9fo = ZZ fk 1)
i=1 i=1 NIia
N K i
_%ZZW mt’k )
i=1 k=1 vy te€
N K i 2
= A2 H;ZZTHTL“@
i=1k=1 /Uy tTE€
<7ﬁ 1 N K i 2
€ szmt’k
i=1 k=1
21 N K k 2
LIRS 3 ) WIS
i=1 k=1 j=1

therefore, by similar theoretical analysis in Lemma we have

N K-1

2 2
n 1 i
BlIA = LB || 5 50 300 - A gt - Tufi6ha) + V00 |
i=1 k=0
2 1 N -1 2
S S ah aitEr e R AT
i=1 k=0
2 1 K—1 2
i . E|:HNZ Z K k+1)vbtf7/( tk) :|
€ i=1 k=0
N K-1 2
Kt o
< —* (0 2
= NGJ +N262 ;kzovbtf( tk) (9)
« The properties about bounding Z;‘F 01 = E[||A%||?] would be also similar to the analysis in

Lemma
« In a nutshell, adopting local Adam achieves the same convergence rate of O(1/v/T) as SGD.

C Supporting Lemmas

Lemma C.1. The global update parameter A, = % Zf;l Al satisfies

Bija?) < 5o+ el 5 visoi| | (30)
=1 k=0
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Proof. By definition,

m i
Bl AT =E|| =5 >° > gix

N
m i i i
=Elll -+ SN Mgl — Vo £i(0; 1) + Vi, £:(65 )]

]

- =1 k=0
i N K-1 2 0 N K-1
1 i
=5[22 Sl vusciol| | +E [ F 2 X v o]
L i=1 k=0 i=1 k=0
N K-1 2
K Uik i
—7l 2_|_7le szbz.fl( tk) ’ (31)
N N
i=1 k=0
where the third equation holds by the unbiased-ness of the stochastic gradient, and the inequality holds by
Assumption O
Lemma C.2. The global update parameter Al satisfies
T—1
Z ZE A ZE | A?] 2L2 ZE V5, £(60)]I°]
+ 2TKm o? + 20TK277;*L202 + 1207 K*y} L?0?. (32)

Proof. By definition,

E[JALIP =E||[ -7 gix

r K
k=

=E —nZ[gtk Vo, fi(0] ) + Vo, (6} 1,)]

el s

} 7 (33)

O

2:|
K-1

Z vb,f( tk)

k=0

=E nZ AN ACH

- =0

< Knjo® + U?E[ 56 4)

where the third equation holds by the unbiased-ness of the stochastic gradient, and the inequality holds by
Assumption
]

K—1

7|
K-1
D (Vo fil0F k) = Vo fi(}0) + Vo fi(81.0) = Vi, fi(0s) + Vi, fi(8:) = Vi f(0:) + Vi, [i(6))]
k=0

Z Vi, (6 k)
-

]

K-1 2
< 28| | Y 193, 5164) — Vufiho)]| | +28] Z w1505 |
k=0
K-1 ] 2 ] 2
<2K L2EH 6;, — 0, ] - 2K21E[Hvbtfi(0§,o) ] (34)
k=0
where
N N
1 i i 30K %n? .
¥ D El8: — 67 o]*] < 5Knfo® + 30K nio] + =1 E[|[Vy, (6] )] (35)
i=1 i=1
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and
N or2 N _
Z [V, £(6;)%] < TZ (11670 — 6:11°] + 2E[[| Vs, £(6)]|], (36)
where there is
E[16; 0 — 0:1°] < 20°E[|| A7 I”] + 20°E[[| A1 ). (37)
Then
1 . 2
Ly wnaip < it + L8]] S v ]
i=1 i=1 k=0
2Kn?L? N Rl : 2K 22 N .
< Koo + 03 3 10— Oholl + = DBV SO}
i=1 k=0 i

K3 4L2 2K2
< Knfo? + 10K L2 + 60K L2 + (60 L 2K ) ZE V5 £(8:.0)IP)

120K 3t LA 4K2 272\ XN .
< Knfo® + 10Ky} L?0” + 60K/ L*02 + ( an ”l ) > E[|67 o — 6:]1%]
1=1

+ (120K L? + 4K 0} E[|| Vs, £(6,) %]
< Knfo? + 10Ky} L?0? + 60K L*02 + (240K 3’y L* + 8K n*nf L?) — Z E[|A: 7]
+ (240K Py L + 8K’ nf L*)E[|| A1 [|*] + (120K} L + 4K*nf E [IIVb,, (0:)]%]. (38)

First we previously assume that n; < ﬁ, and also (1) for simplicity, if we have a sequence z; < axy_1 +
ayi—1 + Bz + C, then we have

v < arpg +ay1+ Bz +C
<alazi—s+ayio+ Pz 1 +C)+ay—1+ Bz +C

t t t
< atxg+ Z alyiig + Z a1 Bz + CZ ot
i=1 i=1 i=1

(2) for simplicity, if we have a sequence x; < axi—1 + ayi—1 + B2z + C, then we have

v < a1 +ayy + Pz +C

T—1 T-1 T—1 T—1
th Sazxtfl +azyt71 +ﬁZZt+C*T
t=0 t=0 t=0 t=0

=
T—1 T—1 T—1 T—1
7 <o xt+a2yt_1+522t+C*T
t=0 t=0 t=0 t=0
T—1 T—1 T—1
(1—04)Za:t§oz yt,l—l—BZzt—i—C*T
t=0 t=0 t=0
T—1 T-1
:Etga(l—a)_l yi—1 + 81 —a)” Zzt—l—Cl—a T,
t=0 t=0
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we want that % <1—a< 1, which means 0 < a < % therefore, we have 1 < (1 — a)_l < 2. Moreover, since

a = 240K3n?nt LY + 8K2n?n? L% < %, we have 240K3n! L? + 8K?n? < 27]2%
T-1 T-1 T-1
Z:z:t < Zyt+2ﬁ22t+QC*T
t=0 t=0 t=0
= (39)
T-1 1 N T-1
& LBl < Z BIIAT+ QOIS SIS B, S0
t=0 i=1
+ 2TK77 0?4+ 20TK?n!L?0® + 120TK®n L ol
T-1
< ZE 1A% 2L2 ZE V5, £(80)1°]
+ 2TK771 202 + 20T K?n} L2U2 + 1207 Ky L?0?. (40)

Lemma C.3. For @ = [0',0%,... 0], i.e., there is a block partition b= 1,2,..., B partitioned 0 into B
blocks, then we have |0]> = 1, (012

Proof.

10111 + (62> + - + (|07

(i(m“)z) + (fj(w)z) I (f:(xB,i)g)

i=1 i=1 i=1
d .
= @) =1o]* (41)
i=1
[
Lemma C.4. For @ =[0',0%,...,08) andy = [y',y?,...,y"], i.e., there is a block partitionb=1,2,...,B
partitioned 8 and y into B blocks, then we have (0,y) = Ele(Gb,yb>.
Proof.
<017y1>+<027y2>+”' <eBayB>
& ds . .
:Zmlz 11+Zx2z 2,0 "'+Z$BﬂyB’l
i=1 =1
d . .
=> a'y' =(0,y). (42)
i=1
O
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